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6EMEB1L1ZATIOH  OP  THE  HTPEBSOHIC  ABEA  BOLE 


H.  D.  Ladyzhenskiy  (Hoscom) 


He  give  a generalization  of  the  hypersonic  area  role  [1]«  proved 
under  the  assuaption  [2]  that  the  entire  aass  of  the  gas  is 
concentrated  behind  the  shock  wave  doring  flow  past  thin  blont 
bodies*  to  the  case  when  the  body  eaerges  beyond  the  liaits  of  the 
region  bounded  by  the  surface  of  the  shock  wave*  i.e.*  condition  (3) 
fron  [ 1 ] is  violated. 

The  flow  problea  reduces  to  the  equivalent  probles  of 
nonsteady state  notion  of  a gas  displaced  by  a piston.  Let  at  sone 
nonent  of  tine  t « t'  the  surface  of  the  piston  cone  into  contact 
with  a shock  wave,  ihen  t < t*  the  equations  which  describe  the  flow 
past  a blunt  body  having  resistance  to  blnntness  Xq  and  a law  of  the 
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change  in  cross-sectional  area  S ( in  the  equivalent  problea  S(t)  is 
the  area  of  the  piston]  have  the  fora  [1]  (for  the  case  of 
axisysaetric  flow  see  [2]) 


t 

J Poo/f*  A = ^ (p  — rfl  (1) 

0 

„ I 

0 

Here  B(t}  is  the  radios  of  the  shock  wave  which,  when  t < t*, 
has  axial  syaaetry  [1]  relative  to  the  leading  point  of  the  body  0 
(Fig.  1J  ; p is  the  pressure  in  the  region  between  the  shock  wave  and 
the  body,  constant  over  the  entire  region  because  of  the  assuaption 
of  infinite  coapression  in  the  shock  wave;  and  Pon  are  the  pressure 
and  density,  respectively,  of  the  unperturbed  gas;  x is  the  adiabatic 
exponent;  the  raised  dot  indicates  differentiation  with  respect  to  t. 

let  us  find  the  solution  when  t > t*'.  In  accordance  with  the 
assuaption  of  the  concentration  of  the  entire  aass  of  the  gas  behind 
the  shock  wave,  on  those  sections  of  the  contour  that  project  beyond 
the  liaits  B - a circle  (Fig.  1),  the  con pressed  layer  contacts  the 
surface  of  the  body  and  the  pressure  is  defined  by  Bewton* s foraula*. 


FCCTIOTB:  * Newton's  foraola  with  consideration  of  centrifugal  forces 
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dating  flow  past  an  acbitracj  surface  has  been  derived  in  (3,4  ].  END 
FCCTIOTB 


Beguired:  to  detersine  the  pressure  in  regions  Dj  and 
constant  at  each  soaent  of  tiae;  to  find  the  lavs  of  notion  of  a 
shock  save  (on  the  sections  where  the  wave  does  not  touch  the  body) 
and  the  points  of  intersection  of  circle  B with  the  body  surface  Pg, 

Qa*  Qa* 

let  us  ezaaine  the  soluticn  for  region  Dt  (the  solution  is 
constructed  analogously  for  D^) • 

let  the  equation  of  the  body  contour  in  polar  coordinates  p,  e 
with  center  at  point  O have  the  fora  p = p(tt>,t).  Proa  the  equation  p 
« B(t)  we  find  the  relationship  for  angle  FjOP^*  designated  below  by 

#3 


9 = l4—1>i  = ® [«(»).  tj 

where  c>(x.  t)  is  a known  function;  i|>i  and  are  the  angular 
coordinates  of  points  Pg  and  respectively. 


The  iapulse  equation  written  for  region  Og  coincides  with 
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equation  (1).  To  derive  the  energy  equation  let  us  present  a picture 
cf  the  flow  at  two  close  soaents  of  tiae  t and  t ♦ dt.  In  Fig.  2 the 
contour  of  the  body  and  the  shock  wave  are  depicted  at  aoaent  of  tine 

t fcy  solid  lines,  and  at  aoaent  t v dt  > by  the  dashed  line.  Let  os 

isolate  on  circle  B at  aoaent  t snail  elenents  of  the  conpressed 

layer  SjPt  and  SaP^  which  occur  on  the  body  at  tine  t ♦ dt,  such  that 

SjPj— and  SgPg — >S*aP*a.  Striking  the  body  surface,  the  nass 
of  gas  contained  in  S^P^  and  SaP^  losee«  in  accordance  with  concepts 
cf  fewton's  theory,  the  ncraal  velocity  coaponent  relative  to  the 
body.  As  a result,  at  points  P^  and  Pa  the  body  is  acted  on  by 
concentrated  forces  whose  expressions  are  written  below  (7). 

The  kinetic  and  thernal  energy  of  the  nass  of  gas  coaprising  an 
eleaeat  of  the  conpressed  layer  S' |P*j  is  equal  to  the  sua  of  the 
kinetic  energy  of  eleaent  SjPt  and  the  energy  iaparted  to  the  gas  doe 
to  the  action  of  concentrated  force  at  the  point  of  intersection  of 
circle  R with  the  body  contour.  The  energy  of  eleaent  S'aP'z  is 
deternined  analogously. 

The  energy  conservation  equation  for  the  renainder  of  the  gas  in 
region  D has  the  fora 


PooV  d 


■ l>ev 


iit  I 
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The  first  ters  on  the  left  in  (4)  expresses  the  change  in 
kinetic  energy  of  the  gas  sass  lying  on  arc  S^S^:  the  second  tern  is 
the  change  in  internal  energy  in  region  D;  Sp  designates  the  area 

Incloded  beteeen  the  shock  wave  and  the  body. 

The  first  term  on  the  right  in  (4)  corresponds  to  the  increment 
of  energy  in  region  D due  to  Internal  energy  of  the  unperturbed 
medium,  while  the  second  is  due  to  t.e  work  of  the  piston. 

The  tecs  Sp  designates  the  tiee  derivatiwe  of  the  area  swept  by 
the  arc  of  body  contour  PiPj  within  circle  E.  lie  can  write  the 
following  equalities: 


I’, 

Sp  — Sp.  Sp  = \ A’  (s)  as 


where  the  integral  in  the  expression  for  is  taken  along  the  arc  of 
body  contour  s froa  point  P^  to  point  Pjl  N is  the  noraal  rate  of 
Boveaent  of  the  contour,  which  is  a given  function  of  s. 


Let  us  write  an  expression  for  the  concentrated  force  q acting 
at  the  point  of  intersection  of  circle  B with  the  body  contour.  Be 
have  9 = where  p is  the  aass  reaching  the  body  surface  per  unit 
of  tine;  is  the  coaponent  of  gas  velocity,  noraal  to  the  body 
surface,  relative  to  the  body.  Be  can  write  the  following  equalities: 


y„  = N—  it  cos  X, 


sinz  ’ 


(6) 


Here  x is  the  angle  between  the  noraals  tc  the  body  contour  and 
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to  the  shock;  ■ is  the  linear  density  of  the  mass  in  the  conpressed 
layer  behind  the  shock  vave  (ee  assase  I > B cos  x). 


Finally,  for  the  concentrated  forces  at  points  Pt  and  Pj  ve  get 


»i  = 


PQO^ 
25in  Xi 


(A'l  — W cos  Xi)*. 


</:  = 


2.sin  Xt 


(A'.  — h cos  Xi)' 


(7) 


Thus,  the  complete  system  of  equations  when  t < t*  is  uritten  in 
the  fors  of  (1),  (2),  while  when  t > t*  it  is  written  in  the  foes  of 
0)»  (3}-(5).  The  solutions  to  both  systens  when  t = t*  are  "sewn 
together"  as  follows: 


R{t' -o)  = n {!'  + 0),  h{t'-o)^Ji{t'+o),  p(t’~0)  = p(r  - n)  (8) 

The  first  and  third  equations  of  (8)  are  obvious;  the  second 
condition  expresses  the  absence  of  concentrated  forces  applied  to  the 
shock  wave. 


Mow  let  us  foriulate  a generalized  area  rule  with  hypersonic 
flow  past  thin  blunt  bodies. 

For  two  blunt  bodies  with  equal  values  of  the  blunting 
resistance,  having  identical  parts  projecting  beyond  the  Inits  of 
circle  B (these  can  be  called  the  "Mewton  edges")  and  identical  laws 
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of  changa  of  the  areas  included  within  circle  fi,  the  laws  of  a change 
in  pressure  and  notion  of  shock  waves  coincide  in  regions  where  the 
coapressed  layer  does  not  contact  the  body.  The  surface  of  the  shock 
wave  in  these  regions  retains  its  axial  synnetry. 

Fron  this  it  follows  that  the  drag  forces  acting  on  the  bodies 
are  equalf  since  these  forces  are  conptised  of  three  conponents: 

1 - forces  acting  on  the  "Newton  edges"; 

2 - forces  acting  on  the  bodies  in  xegicns  Dt  and  Ds; 

3 - concentrated  forces  defined  by  foriola  (7). 

It  is  essential  to  note  that  the  ccntours  cf  the  cross  sections 
cf  coaparable  bodies  should  not  have  angular  points  in  those  sections 
which  project  beyond  the  Units  of  circle  or  at  points  Pj,  P2*  Qi» 

C»» 

In  conclusion  I would  like  to  express  ny  thanks  to  H.  R.  Kogan 
for  his  very  useful  discussions. 


Received  18  January  1961 
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